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Chapter 1
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Abstract
We review the problem of describing the gravitational field of compact stars in
general relativity. We focus on the deviations from spherical symmetry which are
expected to be due to rotation and to the natural deformations of mass distributions.
We assume that the relativistic quadrupole moment takes into account these deviations,
and consider the class of axisymmetric static and stationary quadrupolar metrics which
satisfy Einstein’s equations in empty space and in the presence of matter represented
by a perfect fluid. We formulate the physical conditions that must be satisfied for
a particular spacetime metric to describe the gravitational field of compact stars. We
present a brief review of the main static and axisymmetric exact solutions of Einstein’s
vacuum equations, satisfying all the physical conditions. We discuss how to derive
particular stationary and axisymmetric solutions with quadrupolar properties by using
the solution generating techniques which correspond either to Lie symmetries and
Bäckund transformations of the Ernst equations or to the inverse scattering method
applied to Einstein’s equations. As for interior solutions, we argue that it is necessary
to apply alternative methods to obtain physically meaningful solutions, and review a
method which allows us to generate interior perfect-fluid solutions.
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2 Hernando Quevedo
1. Introduction
One of the most important solutions of Einstein’s equations is the stationary axisymmetric
Kerr solution which in Boyer-Lindquist coordinates reads [1]
ds2 =
(∆−a2 sin2 θ)
Σ
dt2− 2asin
2 θ(r2+a2−∆)
Σ
dtdϕ (1)
−
[
(r2+a2)2−∆a2 sin2 θ
Σ
]
sin2 θdϕ2− Σ
∆
dr2−Σdθ2, (2)
where
∆= r2−2mr+a2 , Σ= r2+a2 cos2 θ . (3)
This solution describes the exterior gravitational field of a mass m with specific angular
momentum a = J/m. It is asymptotically flat and reduces to the Minkowski metric in
the limit m = 0 and a = 0, and to the Schwarzschild metric in the limit a = 0. The Kerr
spacetime is characterized by the presence of a curvature singularity determined by the
equation
r2+a2 cos2 θ= 0 (4)
which corresponds to a ring located on the equatorial plane θ= pi/2. This ring singularity,
however, cannot be observed from outside because it is covered by a horizon located on a
sphere of radius
rh = m+
√
m2−a2 . (5)
Since no information can be extracted from behind the horizon, an external observer will
never be aware about the existence of the ring singularity. In this sense, the singularity can
be considered as non-existing for observers located outside the horizon. The Kerr spacetime
can be therefore interpreted as describing the exterior gravitational field of a rotating black
hole. Furthermore, the black hole uniqueness theorems [2] state that the Kerr spacetime
is the most general vacuum solution that corresponds to a black hole. In other words, to
describe a black hole, we only need two parameters, namely, mass and angular momentum.
In the case a2 > m2, no horizon exists and the ring singularity becomes naked. How-
ever, several studies [3–5] show that in realistic situations, where astrophysical objects are
surrounded by accretion disks, a Kerr naked singularity is an unstable configuration that
rapidly decays into a Kerr black hole. Furthermore, it now seems to be well established that
in generic situations a gravitational collapse cannot lead to the formation of a Kerr naked
singularity. These results seem to indicate that rotating Kerr naked singularities do not exist
in Nature. Again, these results corroborate that the Kerr spacetime describes rotating black
holes.
From an astrophysical point of view, black holes belong to the class of compact objects
which include also neutron stars and white dwarfs. The question arises whether the Kerr
metric can also be used to describe the exterior gravitational field of neutron stars and white
dwarfs. To try to answer this question, let us recall that from the point of view of general
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Quadrupolar metrics 3
relativity, the gravitational field of a compact source should be described by a complete
Riemannian differential manifold, i.e., it should include an exterior metric and an interior
metric as well. Let us suppose for a moment that the Kerr spacetime describes the exterior
field of all compact objects, and consider the interior counterpart. In the case of black holes,
in which the matter content of the original star has collapsed to form a curvature singularity,
we argue that it is not possible to find the interior counterpart within the framework of
classical general relativity. Indeed, since all the information about the internal structure of a
black hole is located inside the singularity, where the classical theory is not valid any more,
we should apply an alternative theory that must take into account the effects of gravity under
extreme pressures and densities, as intuitively expected at the singularities. Such a theory
could be quantum gravity which, in the best case, is still under construction. This argument
implies that the quantum interior counterpart of the Kerr metric is well beyond our reach in
the short term.
Consider now the interior field of neutron stars and white dwarfs. An interior metric
should describe an equilibrium structure, probably a fluid, bounded by a surface of zero
pressure and matched across this surface to the exterior Kerr metric. The search for such
an interior solution has been conducted for over 50 years, and not even a single physical
meaningful solution has been found to date. Many arguments can be found to explain this
negative result, especially, regarding the relatively simple models used to describe the inter-
nal structure of such compact stars. Nevertheless, if we consider a more elaborated internal
model, the mathematical complexity of the field equations and the matching conditions usu-
ally increases as well, implying that the possibility of solving the problem decreases. This
is probably the reason why the search for physically meaningful interior solutions has not
been very successful. In our opinion, the simplest solution to this problem is to assume that
the Kerr metric does not describe the exterior field of rotating compact objects, but black
holes. This is exactly the working hypothesis we will assume henceforth.
The question arises: What metric should we use to describe the exterior field of neutron
stars and white dwarfs? The black hole uniqueness theorems [2] sheds some light on how
to look for an answer to this question. In fact, black holes are described by only the mass
m and the angular momentum J. From the point of view of the multipole structure of
exact vacuum solutions (for a review see, for instance, [6]), this is equivalent to saying that
only the lowest multipoles are present in black holes, namely, the mass monopole m and
the angular-momentum dipole J. Then, it seems reasonable to include higher moments in
order to describe the exterior field of compact objects, other than black holes. The simplest
choice to begin with is the mass quadrupole. Consequently, we assume in this work that
to describe the exterior field of neutron stars and white dwarfs, we need a vacuum metric
with three physical parameters, namely, mass m, angular momentum J, and quadrupole q1.
From a physical point of view, it is also reasonable to consider the mass quadrupole as
an additional parameter, because it represents the natural deviations of a mass distribution
from the ideal spherical symmetry. In other words, we assume that in the case of neutron
stars an white dwarfs, it is not possible to neglect the gravitational field generated by the
quadrupole, whereas in the case of black holes, the uniqueness theorems prove that the
1Of course, one could also include higher multipoles like the mass octupole, the angular-momentum
quadrupole, etc. However, we limit ourselves here to the lowest non-ignorable multipole which is the mass
quadrupole.
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4 Hernando Quevedo
quadrupole is zero.
On the other hand, since the uniqueness theorems are valid only in the case of mass and
angular momentum, with the Kerr metric as the only exact solution, there must exist several
exact solutions with mass, angular momentum and quadrupole. The main goal of this work
is to present a review and a brief description of the main exact vacuum solutions of Einstein
equations with mass quadrupole.
This paper is organized as follows. In Sec. 3., we focus on static gravitational sources.
We present the field equations and describe the most important properties that a metric
should satisfy in order to describe the exterior field of a compact source. We present the
explicit form of the metrics that, to our knowledge, have been used in general relativity to
describe the field of static mass distributions. In Sec. 4., we study the rotating generaliza-
tions of the quadrupolar metrics. Then, in Sec. 5., we describe the uninspiring situation
in the case of interior solutions. Finally, in Sec. 6., we discuss the situation in general
and comment on the open problems regarding the description of the gravitational field of
neutron stars and white dwarfs.
2. The gravitational field of compact stars
To describe the exterior gravitational field it is necessary to obtain exact solutions of Ein-
stein’s equations in empty space. Since Einstein’s field equations are in general difficult to
handle, especially when the aim is to obtain physically meaningful solutions, it is necessary
to assume the validity of certain physical conditions about the problem under consideration.
We assume that the gravitational field of compact stars do not change drastically in time so
that stationarity can be adopted. In general, we know from observations that this condition
is satisfied in most astrophysical objects. Moreover, the assumption of stationarity does not
exclude the possibility of rotation which is an important characteristic of all known compact
stars. To consider the deviations of the mass distribution from spherical symmetry, we will
assume the existence of an axis of symmetry which for the sake of simplicity is supposed
to coincide with the axis of rotation. Moreover, to take into account the deformations of the
mass distribution with respect to the axis of symmetry, we will consider only the quadrupole
moment.
The above assumptions imply that we must focus our analysis on the case of station-
ary axisymmetric gravitational fields. The corresponding line element in the case of empty
space is known as the Weyl-Lewis-Papapetrou [7–9] line element that in cylindrical coor-
dinates can be written as [10]
ds2 = f (dt−ωdϕ)2− 1
f
[
e2γ(dρ2+dz2)+ρ2dϕ2
]
. (6)
Here t and ϕ are the coordinates associated to the Killing vector fields ηI = ∂t and ηII =
∂ϕ which represent stationarity and axial symmetry, respectively. The functions f , ω and
γ depend on the spatial coordinates ρ and z. A straightforward computation shows that
Einstein’s vacuum field equations reduce in this case to
f ( fρρ+ fzz+ρ−1 fρ)− f 2ρ − f 2z +ρ−2 f 4(ω2ρ+ω2z ) = 0 , (7)
f (ωρρ+ωzz−ρ−1ωρ)+2 fρωρ+2 fzωz = 0 , (8)
i
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Quadrupolar metrics 5
γρ =
1
4
ρ f−2( f 2ρ − f 2z )−
1
4
ρ−1 f 2(ω2ρ−ω2z ) , (9)
γz =
1
2
ρ f−2 fρ fz− 12ρ
−1 f 2ωρωz , (10)
where fρ = ∂ f/∂ρ, etc. From this set of equations it follows that f and ω can be consid-
ered as the main metric functions since γ can be calculated by quadratures once the main
functions are known.
2.1. The Ernst representation
Although the field equations are apparently highly non-linear and complicated, it turned
out that they are characterized by an internal symmetry related to the Lie transformations of
differential equations. The investigation of this internal symmetry led to the formulation of
modern solution generating techniques which, when formulated in an appropriate manner,
allow us to generate new solutions from known ones [11].
The starting point for the understanding of the Lie transformations was the Ernst [12]
representation of the field equations. Ernst proposed a simple Lagrangian density from
which the field equations can be derived. Moreover, Ernst’s Lagrangian can be derived from
the Einstein-Hilbert Lagrangian and, in fact, similar representations [13] can be derived for
any gravitational fields with two commuting Killing vector fields, for example, for Einstein-
Rosen gravitational waves or inhomogeneous cosmological Gowdy models. In the case
under consideration, it can be shown that the Einstein-Hilbert action can be reduced to the
form
LEH =
ρ
2 f 2
(
f 2ρ + f
2
z +Ω
2
ρ+Ω
2
z
)
+boundary terms , (11)
where the new function Ω is defined by the relationships
ρΩρ = f 2ωz , ρΩz =− f 2ωρ . (12)
Neglecting the boundary terms, the above action can be expressed as
LEH =
ρ
2 f 2
[
(D f )2+(DΩ)2
]
=
ρ
2 f 2
(DE)(DE∗) , E = f + iΩ , D=(∂ρ,∂z) ,(13)
where E is the Ernst potential which is complex for stationary fields and real in the limiting
static case (Ω = 0). Finally, it can be shown that the main field equations can be obtained
as
δLEH
δ f
= 0 ,
δLEH
δΩ
= 0 ⇔ δLEH
δE
= 0 . (14)
Clearly, the compactness and simplicity of Ernst’s formulation is very useful for inves-
tigating the field equations. For instance, from (13) it can be seen that the transformation
E→ eiτE, with τ= const, does not affect the Lagrangian and, consequently, the field equa-
tions. It follows that this “gauge" transformation can be used to generate new solutions. In
fact, it is known that the Kerr-NUT (Newman-Unti-Tamburino) solution can be obtained
i
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6 Hernando Quevedo
from the Kerr solution by applying a “gauge" transformation. A further computational ad-
vantage of the use of the Ernst representation is that it is coordinate invariant in the sense
that in order to analyze it in a different coordinate system, one only needs to calculate the
explicit form of the vector operator D in the new coordinates.
Finally, we would like to mention that the Ernst representation reproduces only par-
tially Einstein’s equations because it includes only the main functions f and ω. The metric
function γ does not appear in the reduced Lagrangian (11) because it turns out to be a cyclic
coordinate in the Einstein-Hilbert Lagrangian which is absorbed by a Legendre transfor-
mation. However, it is possible to interpret the reduced Lagrangian as determining the
action of a generalized harmonic map from which the equations for the function γ can be
recovered [14].
2.2. Physical conditions
One can find many stationary axisymmetric solutions of Einstein’s equations, but not all
them are necessarily suitable to describe the gravitational field of compact stars. Several
physical conditions must be imposed which can be described as follows.
i) The spacetime must be asymptotically flat. This means that far away from the source
the gravitational field should be negiglible small, and can be described approximately
by the Minkowski metric.
ii) The spacetime must be elementary flat, i.e., the axis of symmetry must be free of
conical singularities. This property means that the coordinate ϕ is a well-defined
angle coordinate that can be used to represent the rotation of the compact star.
iii) The spacetime must be free of singularities outside the surface of the star. Curvature
singularities can exist inside the surface where the vacuum solution is not valid any
more and, instead, an interior solution should exist that “covers” the singularity.
iv) The spacetime must be free of horizons in order to be in accordance with the black
hole uniqueness theorems.
v) The solution must reduce to the Minkowski metric in the limiting case when the mass
monopole vanishes, independently of the values of the remaining parameters. This
condition guarantees that there are no rotations and no deviations from spherical sym-
metry without the presence of a physical mass distribution.
vi) The solution must be matched with a physically meaningful interior solution across
the surface of the star where the pressure and the density of the interior configuration
should vanish.
The fulfillment of these conditions represents the real challenge for describing the grav-
itational field of compact stars. Whereas there many metrics that can be used to represent
the exterior field, the interior counterparts are still unknown.
i
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2.3. Prolate spheroidal coordinates
Any exact solution of Einstein’s equations can be written in many equivalent ways by using
different coordinate systems. Nevertheless, some coordinate systems are specially adapted
to the geometric properties of the field configurations. In the case of stationary axisym-
metric solutions, the system of prolate spheroidal coordinates has been used extensively in
the scientific literature to represent several important particular solutions. In this case, the
general line element can be expressed as
ds2 = f (dt−ωdϕ)2
− σ
2
f
[
e2γ(x2− y2)
(
dx2
x2−1 +
dy2
1− y2
)
+(x2−1)(1− y2)dϕ2
]
, (15)
where all the metric functions depend on x and y, only. The simplest way to represent the
corresponding field equations in this case is by using the complex Ernst potentials
E = f + iΩ , ξ=
1−E
1+E
, (16)
where the function Ω is now determined by the equations
σ(x2−1)Ωx = f 2ωy , σ(1− y2)Ωy =− f 2ωx . (17)
Then, one can show that the main field equations can be represented in a compact and
symmetric form as
(ξξ∗−1){[(x2−1)ξx]x+[(1− y2)ξy]y}= 2ξ∗[(x2−1)ξ2x +(1− y2)ξ2y ] , (18)
where the asterisk represents complex conjugation. Notice that in the case of static fields the
Ernst potentials become real and the above equation generates a linear differential equation
for ψ = (1/2) ln f for which the general solution can be obtained. Moreover, it is easy to
see that equation (18) is invariant with respect to the transformation x↔ y. This simple
symmetry property can be used to generate new solutions. Indeed, consider the particular
solution
ξ=
1
x
→Ω= 0→ ω= 0→ f = x−1
x+1
, γ=
1
2
ln
x2−1
x2− y2 (19)
which can be shown to represent the Schwarzschild spacetime. Then, the function ξ−1 = y
is also an exact solution. Furthermore, if we take the linear combination ξ−1 = c1x+ c2y,
with arbitrary constants c1 and c2, and introduce it into the field equation (18), we obtain
the new solution
ξ−1 =
σ
m
x+ i
a
m
y , σ=
√
m2−a2 , (20)
which corresponds to the Kerr metric in prolate spheroidal coordinates. The corresponding
metric functions are
f =
c2x2+d2y2−1
(cx+1)2+d2y2
, ω= 2a
(cx+1)(1− y2)
c2x2+d2y2−1 ,
γ =
1
2
ln
(
c2x2+d2y2−1
c2(x2− y2)
)
, c =
σ
m
, d =
a
m
, c2+d2 = 1 . (21)
i
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8 Hernando Quevedo
3. Static quadrupolar metrics
The simplest case of a multipolar spacetime is described by the Schwarzschild metric which
possesses only the mass monopole. Birkhoff’s theorem [10] guarantees that this metric is
unique. Furthermore, from a physical point of view, one expects that a dipole moment can
be made to vanish by an appropriate coordinate transformation which, in the Newtonian
limit, corresponds to locating the origin of spatial coordinates on the center of mass of
the object. The next interesting configuration consists of a mass with quadrupole moment.
In this case, no uniqueness theorem exists and, therefore, we can expect that Einstein’s
equations permit the existence of several solutions describing such a gravitational system.
Indeed, several exact solutions are known.
Weyl [7] found the most general static axisymmetric asymptotically flat solution in
cylindrical coordinates (6)
ln f = 2
∞
∑
n=0
an
(ρ2+ z2) n+12
Pn(cosθ) , cosθ=
z√
ρ2+ z2
, (22)
where an (n = 0,1, ...) are arbitrary constants, and Pn(cosθ) represents the Legendre poly-
nomials of degree n. As mentioned above, the metric function γ can be calculated by quadra-
tures. Then, we obtain [10]
γ=−
∞
∑
n,m=0
anam(n+1)(m+1)
(n+m+2)(ρ2+ z2) n+m+22
(PnPm−Pn+1Pm+1) . (23)
The set of parameters an essentially determines the set of mass multipoles Mn as computed
by using the Geroch-Hansen definition [15–17], for instance. Then, a configuration com-
posed of a mass and a quadrupole can be written as
1
2
ln f =
a0
(ρ2+ z2)1/2
+
a2
(ρ2+ z2)3/2
P2(cosθ) (24)
The first term is called the Chazy-Curzon metric [10] and describes the field of two parti-
cles located along the symmetry axis with a curvature singularity among them, i.e., it corre-
sponds to a strut located along the axis. The second term can be considered as representing
a quadrupole deformation of the strut. Far away from the source, the Chazy-Curzon metric
leads to the Newtonian potential of a point particle. One could therefore expect that in the
Newtonian limit the second term generates a quadrupole moment. From a physical point
of view, one would expect that close to a non-rotating compact star with no quadrupole,
the metric is spherically symmetric. We see that the above Weyl metric does not satisfy
this condition. We therefore conclude that it cannot be used to describe the exterior field of
compact stars.
To our knowledge, Erez and Rosen [18] found the first quadrupolar metric which
reduces to the Schwarzschild metric in the limit of vanishing quadrupole. In prolate
spheroidal coordinates (15) it can be expressed as (q2 is a constant)
ln f = ln
x−1
x+1
+q2(3y2−1)
[
1
4
(3x2−1) ln x−1
x+1
+
3
2
x
]
, (25)
i
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Quadrupolar metrics 9
γ=
1
2
(1+q2)2 ln
x2−1
x2− y2 −
3
2
q2(1− y2)
(
x ln
x−1
x+1
+2
)
+
9
16
q22(1− y2)
[
x2+4y2−9x2y2− 4
3
+x
(
x2+7y2−9x2y2− 5
3
)
ln
x−1
x+1
+
1
4
(x2−1)(x2+ y2−9x2y2−1) ln2 x−1
x+1
]
. (26)
In the limiting case q2 → 0, the Erez-Rosen metric reduces to the Schwarzschild metric,
as expected for a compact star. In general, this solution is asymptotically flat and free of
singularities outside the spatial region determined by x = 1, which in the case of vanish-
ing quadrupole corresponds to the Schwarzschild radius. It also satisfies the condition of
elementary flatness. From this point of view, the Erez-Rosen solution satisfies all the condi-
tions to describe the exterior field of a deformed mass with quadrupole moment. However,
no interior solution is known that could be matched with the exterior metric on the surface
of the body.
Gutsunayev and Manko [19] derived the following exact static solution (A2 is a con-
stant)
ln f = ln
x−1
x+1
+2A2
x(x2−3x2y2+3y2− y4)
(x2− y2)3 , (27)
γ=
1
2
ln
x2−1
x2− y2 +
A2(1− y2)
2(x2− y2)4 [3(1−5y
2)(x2− y2)2
+8y2(3−5Y 2)(x2− y2)+24y4(1− y2)]+ A
2
2(1− y2)
8(x2− y2)8
×[−12(1−14y2+25y4)(x2− y2)5+3(3−153y2
+697y4−675y6)(x2− y2)4
+32y2(9−105y2+259y4−171y6)(x2− y2)3
+32y4(45−271y2+451y4−225y6)(x2− y2)2
+2304y6(1−4y2+5y4−2y6)(x2− y2)
+1152y8(1−3y2+3y4− y6)] . (28)
Although at first glance these two solutions look quite different, it is possible to show [20]
that if we choose the parameters as
A2 =
1
15
q2 , (29)
the quadrupole moment of both metrics coincide, but differences appear at the level of the
24-pole moment.
A different quadrupolar metric was derived by Hernández-Pastora and Martí [21] which
is also given in prolate spheroidal coordinates:
ln f = ln
x−1
x+1
+
5
4
B2
{
3
4
[(3x2−1)(3y2−1)−4] ln x−1
x+1
− 2x
x2− y2 +
3
2
x(3y2−1)
}
.(30)
i
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10 Hernando Quevedo
As in the previous cases, the corresponding γ function can be calculated by quadratures by
using the explicit for of f only. The resulting expression is quite complicated. We refer to
the original paper for the explicit expression. In the above solution, the constant parameter
B2 essentially determines the quadrupole moment of the mass distribution.
Recently, in [22], the multipole moment structure of the above solutions with free pa-
rameters q2, A2 and B2 was investigated in detail with the result that the Geroch quadrupole
moment of all three metrics can be made to coincide by choosing the free parameters appro-
priately. On the other hand, it is known that in general relativity, stationary and axisymmet-
ric vacuum spacetimes can be completely characterized by their multipolar structure and if
two spacetimes have the same moments, then they represent essentially the same spacetime.
If then follows that the above metrics with free parameters q2, A2 and B2 are in fact the same
spacetime, if we consider only the quadrupole moment. However, if higher moments are
taken into account, differences appear that make the three metrics different from a physical
point of view.
As can be seen from the above expressions, the explicit form of the known quadrupolar
metrics is not simple, usually making them difficult to be analyzed. In a recent work [23],
we proposed an alternative solution as the simplest generalization of the Schwarzschild
solution which contains a quadrupole parameter q. In spherical coordinates, it has the
simple and compact expression
ds2 =
(
1− 2m
r
)1+q
dt2−
(
1− 2m
r
)−q
×
[(
1+
m2 sin2 θ
r2−2mr
)−q(2+q)(
dr2
1− 2mr
+ r2dθ2
)
+ r2 sin2 θdϕ2
]
. (31)
This solution is obtained from the Schwarzschild metric by applying a Zipoy-Voorhees
transformation [24, 25]. In the literature, for notational reasons this solution is known as
the δ−metric or as the γ−metric [26]. Instead, we propose to use the term quadrupole met-
ric (q−metric) to emphasize the role of the parameter q which determines the quadrupole
moment. Indeed, a straightforward computation of the Geroch multipole moments leads
to a monopole M0 = (1+ q)m and a quadrupole M2 = −m33 q(1+ q)(2+ q). If q = 0, we
obtain the limiting case of the Schwarzschild metric. Moreover, the free parameters m and
q can be chosen in such a way that the quadrupole moment M2 is negative (oblate objects)
or positive (prolate objects). Furthermore, one can easily show that this solution satisfies all
physical conditions mentioned in the previous section for exterior solutions. This implies
that it can be used to describe the exterior gravitational field of static compact stars. A de-
tailed analysis of the circular motion of test particles around a compact object described by
the q−metric shows that the presence of the quadrupole parameter can drastically change
the physical behavior of test particles, and the obtained effects corroborate the interpretation
of q as determining the deviation of the mass distribution from spherical symmetry [28].
4. Stationary quadrupolar metrics
All the solutions presented in the previous section do not take into account an important
characteristic of compact objects, namely, the rotation. Realistic exact solutions should
i
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Quadrupolar metrics 11
contain at least one additional parameter that could be interpreted as rotation. In terms of
multipole moments, this means that the angular-momentum dipole should be nonzero. The
first exact solution with a non-trivial angular-momentum dipole was discovered by Kerr in
1963. Soon after, Ernst proposed a general representation for stationary and axisymmetric
vacuum and electrovacuum spacetimes that allowed researchers in this field to derive a new
type of internal symmetries of the field equations. As a result, some solution generating
techniques [10] were developed whose main objective is to generate new solutions from
known ones.
The first generating methods such as the Kerr-Schild Ansatz, the complex Newman-
Janis Ansatz, and the Hamilton-Jacobi separability procedure were limited to generate only
the (charged) Kerr-NUT (Newman-Unti-Tamburino) class of stationary solutions. Never-
theless, the simple and compact Ernst representation was used by Tomimatsu and Sato and
Yamazaki and Hori to find exact solutions with a particular functional dependence for the
Ernst potential. Furthermore, Ernst developed two generating methods that were general-
ized by Kinnersley [10].
All the early methods were based on particular symmetries of the field equations. The
discovery of Lie symmetries of the Ernst representation in the late seventies determined the
starting point for the development of modern solution generating techniques. All the sym-
metry transformations of the field equations involve in general an infinite dimensional group
of transformations. One of the main difficulties was to isolate only those transformations
that preserve asymptotic flatness and do not generate unphysical curvature singularities a
priori. Finally, Hoenselaers, Kinnersley and Xanthopoulos found subgroups of the Geroch
group which preserve asymptotic flatness and can easily be extrapolated by purely algebraic
methods.
Particular cases of Bäcklund transformations of the Ernst equations were found by Har-
rison and Neugebauer. Bäcklund transformations were first used to generate asymptotically
flat solutions, using the Minkowski metric as seed solution. In general, it can be shown that
the generated solution is asymptotically flat, if this is also a property of the seed solution.
A different method was proposed by Belinsky and Zakharov in which the nonlinear
Einstein field equations are represented as a linear eigenvalue problem which can be solved
by means of the inverse scattering method. This method allows one to generate solitonic
solutions, one of which corresponds to the Kerr-NUT solution.
All the above methods imply several detailed procedures with quite complicated calcu-
lations. A particularly simple and different method was developed by Sibgatullin [29] in
which only the value of the Ernst potential on the axis of symmetry is required in order to
calculate the general form of the potential from which the corresponding metric can be cal-
culated. Suppose that the Ernst potential in cylindrical coordinates is given as an arbitrary
function e(z) on the axis ρ = 0. Then, the Ernst potential for the entire spacetime can be
calculated as
E(ρ,z) =
1
pi
∫ +1
−1
e(ξ)µ(σ)√
1−σ2 dσ , (32)
where ξ= z+ iρσ and the unknown function µ(σ) satisfies the singular integral equation∫ +1
−1
µ(σ)[e(ξ)+ e∗(η∗)]
(σ− τ)√1−σ2 dσ= 0 , (33)
i
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and the normalizing condition∫ +1
−1
µ(σ)√
1−σ2 dσ= pi , (34)
where η= z+ iρτ, and the asterisk represents complex conjugation. This method has been
used to generate several stationary and axisymmetric solutions [30,31] which satisfy all the
conditions to describe the exterior field of neutron stars and are in accordance with a series
of observations. These solutions are characterized by a finite number of parameters which
are interpreted in terms of multipoles. For instance, the most general solution of this class
has six parameters and is determined on the axis by the Ernst potential [31]
e(z) =
z3− (m+ ia)z2− kz+ is
z3+(m− ia)z2− kz+ is , (35)
which contains four parameters. An additional function corresponding to the electromag-
netic potential on the axis contains the two remaining parameters. In the case of vanishing
electromagnetic field (s= 0) and rotation (a= 0), this solution reduces to a particular static
Tomimatsu-Sato solution which can be shown to be equivalent to the q−metric with q = 1,
so that the quadrupole moment is entirely determined by the mass monopole. In the station-
ary case (a 6= 0), the mass quadrupole is M2 =−1/4m(m2−a2) and depends on the rotation
parameter and the mass monopole. This indicates that deviations from spherical symmetry
are due to rotation only and there is no parameter that could be changed in order to mod-
ify the deviations. In the case of all the static metrics mentioned above, there is always a
free quadrupole parameter (q2, A2, B2 or q) that is responsible for the deviations. This can
be interpreted as an indication that metrics with arbitrary quadrupole could describe more
general configurations of compact stars.
Most stationary and axisymmetric solutions in empty space have been obtained by us-
ing the solution generating methods mentioned above. Here, we present the explicit expres-
sions for a stationary metric which can be interpreted as a rotating Erez-Rosen spacetime.
This metric has been obtained by applying Lie transformations on the Erez-Rosen metric
under the condition that the properties of asymptotic flatness and elementary flatness are
preserved. In prolate spheroidal coordinates, the metric functions can be written as [32–34]
f =
R
L
e−2q2P2Q2 ,
ω = −2a−2σM
R
e2q2P2Q2 ,
e2γ =
1
4
(
1+
m
σ
)2 R
x2− y2 e
2γˆ , (36)
where
R = a+a−+b+b− , L = a2++b
2
+ ,
M = αx(1− y2)(e2q2δ+ + e2q2δ−)a++ y(x2−1)(1−α2e2q2(δ++δ−))b+ ,
γˆ =
1
2
(1+q2)2 ln
x2−1
x2− y2 +2q2(1−P2)Q1+q
2
2(1−P2)
[
(1+P2)(Q21−Q22)
+
1
2
(x2−1)(2Q22−3xQ1Q2+3Q0Q2−Q′2)
]
. (37)
i
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Here Pl(y) and Ql(x) are Legendre polynomials of the first and second kind, respectively.
Furthermore
a± = x(1−α2e2q2(δ++δ−))± (1+α2e2q2(δ++δ−)) ,
b± = αy(e2q2δ+ + e2q2δ−)∓α(e2q2δ+− e2q2δ−) ,
δ± =
1
2
ln
(x± y)2
x2−1 +
3
2
(1− y2∓ xy)+ 3
4
[x(1− y2)∓ y(x2−1)] ln x−1
x+1
,
the quantity α being a constant
α=
σ−m
a
, σ=
√
m2−a2 . (38)
The physical significance of the parameters entering this metric can be established by
calculating the Geroch-Hansen [15–17] multipole moments
M2k+1 = J2k = 0 , k = 0,1,2, ... (39)
M0 = m , M2 =−ma2+ 215q2m
3
(
1− a
2
m2
)3/2
, ... (40)
J1 = ma , J3 =−ma3+ 415q2m
3a
(
1− a
2
m2
)3/2
, .... (41)
The vanishing of the odd gravitoelectric (Mn) and even gravitomagnetic (Jn) multipole mo-
ments is a consequence of the symmetry with respect to the equatorial plane θ = pi/2. It
follows from the above expressions that m is the total mass of the gravitational source, a
represents the specific angular momentum, and q2 is related to the deviation from spherical
symmetry. All higher multipole moments can be shown to depend only on the parameters
m, a, and q2. The above solution coincides with the Kerr metric in the limiting case q2 = 0,
and with the Erez-Rosen metric for a = 0. It also satisfies all the physical conditions men-
tioned in the previous section. Therefore, it can be used to describe the exterior field of
compact stars.
In the previous section, we presented the q−metric as the simplest generalization of
the Schwarzschild metric which contains a free quadrupole parameter. Therefore, it can
be expected that the stationary generalizations of the q−metric should also have a simple
representation. To show this, we apply a particular Lie transformation to the Ernst potential
E =
(
x−1
x+1
)1+q
(42)
of the q−metric in prolate spheroidal coordinates. To obtain the explicit form of the new
stationary Ernst potential, we use the solution generating techniques that allow us to gen-
erate stationary solutions from a static solution. The procedure involves several differential
equations which must be solved under the condition of asymptotic flatness. Here, we only
present the final expression for the new Ernst potential [35]
E =
(
x−1
x+1
)q x−1+(x2−1)−qd+
x+1+(x2−1)−qd− , (43)
i
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where
d± = α2(1± x)h+h−+ iα[y(h++h−)± (h+−h−)] , (44)
h± = (x± y)2q , x = rm −1 , y = cosθ . (45)
The new parameter α is introduced by the Lie transformation. As expected, we obtain the
q−metric in the limiting case α = 0. The behavior of the Ernst potential shows that this
new solution is asymptotically flat. The corresponding metric functions corroborate this
result. Furthermore, the behavior of the new potential near the axis, y =±1, shows that the
spacetime is free of singularities outside a spatial region determined by the radius xs = mσ ,
which in the case of vanishing α, corresponds to the exterior singularity situated at rs = 2m.
The expression for the Kretschmann scalar shows that the outermost singularity is situated
at xs = mσ . Inside this singular hypersurface, several singular structures can appear that
depend on the value of q and σ.
The coordinate invariant multipole moments as defined by Geroch and Hansen [15–17]
can be found by using a procedure proposed in [6] that allows us to perform the compu-
tations directly from the Ernst potential. In the limiting case q = 0, with α = σ−ma , the
resulting multipoles are
M2k+1 = J2k = 0 , k = 0,1,2, ... (46)
M0 = m , M2 =−ma2 , ... (47)
J1 = ma , J3 =−ma3 , .... (48)
which are exactly the mass Mn and angular Jn multipole moments of the Kerr solution. In
the general case of arbitrary q parameter, we obtain the following multipole moments
M0 = m+σq , (49)
M2 =
7
3
σ3q− 1
3
σ3q3+mσ2−mσ2q2−3m2σq−m3 , (50)
J1 = ma+2aσq , (51)
J3 =−13 a(−8σ
3q+2σ3q3−3mσ2+9mσ2q2+12m2σq+3m3) . (52)
The even gravitomagnetic and the odd gravitoelectric multipoles vanish identically because
the solution is symmetric with respect to the equatorial plane y = 0. Moreover, higher odd
gravitomagnetic and even gravitoelectric multipoles are all linearly dependent since they
are completely determined by the parameters m, a, σ and q.
In this section, we have seen that there are several exact solutions with quadrupole mo-
ment that can be used to describe the exterior field of compact stars. This is in accordance
with the black hole uniqueness theorems because the presence of the quadrupole invali-
dates the conditions under which the theorems have been proved. On the other hand, all
the quadrupolar solutions must contain naked singularities, also as a consequence of the
i
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black hole uniqueness theorems. In the case of the stationary q−metric and the rotating
Erez-Rosen spacetime, we have shown explicitly that the naked singularities are located
inside or on the Schwarzschild radius which in compact stars is always located inside the
surface of the star. We do not know if this is also true in the case of other quadrupolar
metrics mentioned in this section. Suppose, for instance, that a particular quadrupolar met-
ric has a singularity at a distance of say 15km from the center of a source with a mass of
2M. Then, this metric cannot be used to represent the exterior field of an isolated neutron
star whose radius is about 11.5km, i.e., the singularity is located outside the surface of the
neutron star where the spacetime should be vacuum. Nevertheless, such a solution can still
be a candidate to describe the exterior field, for instance, of a white dwarf of mass 1.1M
whose radius is of the order of thousand kilometers, so that the curvature singularity could
be located inside the star.
The above discussion is related to the conditions that a general solution must satisfy
in order to become physically meaningful. Indeed, if a curvature singularity is present, it
should be possible to “cover” it by an interior solution that can be matched with an exterior
solution across the surface of the star. In our opinion, the problem of solving the matching
conditions in the presence of a physically meaningful interior solution is one of the most
important challenges of modern relativistic astrophysics in general relativity. It is also an
important conceptual problem since general relativity, as a theory of gravity, should be able
to describe physical configurations like compact stars in which the gravitational field plays
an important role. We will consider this issue in the next section.
5. Interior quadrupolar metrics
The problem of finding an interior solution for a stationary and axisymmetric spacetime is
still open. Even in the case of vanishing quadrupole, the problem is still not completely
solved. Indeed, in the case of a perfect fluid with constant energy density, an interior
Schwarzschild solution can be obtained analytically, but its physical properties do not allow
us to use it to describe the interior field of a spherically symmetric compact star because
it violates causality, i.e., a sound wave propagates inside the star with superluminal veloc-
ity. Other spherically symmetric interior solutions are usually non-physical or cannot be
matched with the exterior Schwarzschild metric [10]. In the case of quadrupolar metrics,
the situation is quite similar. The only rigidly rotating perfect-fluid solution, containing the
Kerr spacetime in the vacuum limit, is the Wahlquist metric [36, 37] which, however, is
characterized by an unphysical equation of state (ρ+3p = const.). Moreover, in the slow
rotation approximation, the zero pressure surface corresponds to a prolate ellipsoid rather
than an oblate ellipsoid, as expected from a physical point of view. Other solutions with
quadrupole represent anisotropic fluids [38–40] which, however, either they do not satisfy
the energy conditions [38, 39] or either the boundary surface of zero pressure cannot be
fixed because the hydrostatic pressure cannot be isolated from the other stresses [40].
All the interior solutions mentioned above have been obtained by analyzing carefully
the corresponding field equations and, as we have seen, the results are not very satisfac-
tory. In view of this situation, we believe that it is necessary to apply a different approach.
We propose to develop solution generating techniques for interior spacetimes. Indeed, the
discovery of Lie symmetries, Bäcklund transformations and the inverse scattering method
i
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in the Ernst equations represented a radical change in the search for exterior stationary and
axisymmetric solutions. We believe that a similar approach could be useful also in the case
of interior solutions.
To illustrate the problem of finding interior solutions, we first consider the case of spher-
ically symmetric spacetimes. To this end, let us consider the following line element in
spherical coordinates
ds2 = eφ(r)dt2− dr
2
1− 2m(r)r
− r2(dθ2+ sin2 θdϕ2) . (53)
We choose a perfect fluid as the physical model for the interior gravitational field. Then,
Einstein’s equations
Rµν− 12Rgµν = 8pi[(ρ+ p)uµuν− pgµν] (54)
reduce to
dφ
dr
=
m+4pir3 p
r(r−2m) , m = 4piρr
2 . (55)
In addition, there is a second order differential equation which is equivalent to the energy-
momentum conservation law T µν;µ = 0. In this case, it can be written as the Tolman-
Oppenheimer-Volkoff equation
d p
dr
=−(p+ρ)(m+4pir
3 p)
r(r−2m) . (56)
We see that we have only three equations for determining four unknowns (φ, m, p, and
ρ). To close the system of differential equations, it is necessary to impose an additional
condition which is usually taken as the equation of state p = p(ρ). In particular, one can
use the barotropic equation of state p=wρ, where w is the constant barotropic factor. Many
barotropic solutions are known in the literature [10] which, however, usually are either not
related to realistic equations of state or show a singular behavior at the level of the pressure
or energy density. To obtain more realistic solutions, we propose to start from a physically
realistic energy density, for instance. Indeed, suppose that the energy density is given a
priori by the polynomial equation [41]
ρ(r) = ρc− c1r− c2r2− c3r3 , (57)
where c1, c2, and c3 are real constants and ρc is the energy density at the center of the body.
Then, the mass function can be integrated explicitly and we obtain
m(r) =
pi
15
r3(20ρc−15c1r−12c2r2−10c3r3) . (58)
Clearly, the above particular Ansatz allows us to obtain a realistic behavior for the
energy density, provided the constants are chosen appropriately. For instance, at the surface
of the sphere r = R we demand that the energy density vanishes, ρ(r = R) = 0, and so we
obtain
ρc = c1R+ c2R2+ c3R3 , (59)
i
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which establishes an algebraic relationship between the free constants. The mass function
m(r) is then determined by the free constants only. Moreover, we impose the physical
condition that the total mass
M =
∫ R
0
m(r)dr (60)
coincides with the mass of the exterior Schwarzschild metric which implies a boundary
condition for the function φ(r), namely
e2φ(r=R) = 1− 2M
R
. (61)
The procedure consists now in solving the differential equations for φ(r) and p(r) with
the boundary conditions specified above. We did not success in finding analytic solutions
and, therefore, we integrate the system of differential equations numerically. To this end, it
is necessary to impose additional boundary conditions as follows. At the center and at the
surface of the sphere, the pressure must satisfy the boundary conditions
pR ≡ p(R) = 0 , p(r = 0)≡ pc < ∞ . (62)
Moreover, we demand that the pressure is a well behaved function inside the sphere, i.e.,
0 < p(r)< ∞ for 0≤ r ≤ R , (63)
which means that the pressure function should be free of singularities inside the sphere.
The method consists now in integrating numerically the equations for the total mass M
and for the pressure p, under the conditions mentioned above. The goal is to find values
for the constants c1, c2 and c3 such that M is positive and p(r) is positive and free of
singularities. In fact, it turns out that there are several intervals of values in which all
conditions are satisfied. The particular simple choice
c1 =
1
2
, c2 =
1
6
, c3 =
1
24
(64)
with the particular radius value
R = 0.4 (65)
leads to boundary values
ρc = 0.2293 , M = 0.002633 , φ(R) =−0.0066 . (66)
Then, the integration of the differential equation for the pressure is straightforward. In
Fig. 1, we illustrate the behavior of the pressure. The graphic shows that everywhere
inside the sphere, the pressure has a very physical and realistic behavior. The corresponding
function for the energy density shows also a physical behavior as demanded a priori with
the polynomial Ansatz and the chosen values for the constants c1, c2 and c3.
The differential equation for the function φ(r) can also be integrated and its behavior is
represented in Fig. 2. It can be seen that this function is well behaved inside the sphere.
Moreover, the value at the boundary R = 0.4, together with the value of the total mass,
matches exactly the corresponding metric function for the exterior Schwarzschild solution.
i
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Figure 1. Behavior of the pressure inside a spherically symmetric body of radius R = 0.4.
All the conditions for the pressure to be physically meaningful are satisfied.
Figure 2. Numerical integration of the metric function φ(r) for a sphere of radius R = 0.4
and energy density constants c1 = 12 ,c2 =
1
6 ,c3 =
1
24 .
i
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Figure 3. Buchdahl’s limit inside the compact sphere of radius R = 0.4. The condition
m(r)/r < 4/9 = 0.44 is satisfied everywhere inside the sphere.
An important condition that must be satisfied by any interior solution is the Buchdahl
limit [10] which, in principle, can be associated with the Chandrasekhar limit about the
maximum mass of compact stars. An analysis of the differential equations that determine
the spherically symmetric case under consideration here shows that in order to avoid un-
stable configurations, which could lead to a collapse of the sphere, it is necessary that the
condition MR <
4
9 be satisfied. In fact, for a mass-to-radius ratio with
M
R ≥ 49 , the gravitational
collapse is imminent and the staticity condition of the mass distribution is no longer valid.
So, Buchdahl’s limit is an essential requirement for a solution to be physically meaningful.
From the boundary values obtained above, it is easy to see that this requirement is satisfied
at the surface of the body. However, it could be that the behavior of the mass function inside
the star violates Buchdahl’s limit for a specific value of the radial coordinate, leading to an
internal instability. To corroborate the stable behavior inside the body, we plot in Fig. 3
the behavior of the mass function for all values of the radial coordinate. We can see that
inside the sphere the mass-to-radius ratio is everywhere less than the limiting value 49 , in-
dicating that no instabilities can occur. This result reinforces the physical interpretation of
the numerical solution presented here.
The simple example for a static perfect-fluid sphere as a source of a compact star shows
that it is possible to find physically meaningful solutions of the interior field equations.
But it also shows that it is very difficult to integrate analytically the resulting differential
equations. We started from a particular polynomial Ansatz for the energy density which
guarantees a meaningful physical behavior. This allows us to integrate the mass function,
i
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but the pressure and the remaining metric function φ(r) cannot be integrated analytically. A
numerical analysis seems to be always necessary. For this reason we believe that the stan-
dard method of solving directly the field equations should be complemented by a solution
generating technique, similar to the methods used for obtaining exterior solutions.
We now turn back to the study of quadrupolar interior metrics. As mentioned above, all
the known solutions are either unphysical or they cannot be matched with the exterior Kerr
metric. To attack this problem, we propose to consider the mass quadrupole as an additional
degree of freedom and to analyze the symmetry properties of the field equations in the
presence of matter. To begin with, we have considered first the case of static quadrupole
metrics with a perfect fluid as the source of gravity. If we consider the spherically symmetric
line element analyzed above, and try to generalize it to include the case of axisymmetric
fields, it turns out to be convenient to use the following line element [42]
ds2 = e2ψdt2− e−2ψ
[
e2γ
(
dr2
h
+dθ2
)
+µ2dϕ2
]
, (67)
where ψ = ψ(r,θ), γ = γ(r,θ), µ = µ(r,θ), and h = h(r). A detailed analysis of the Ein-
stein equations with an energy-momentum tensor represented by a perfect fluid shows that
the resulting set of differential equations can be split into two systems in a manner which
resembles the splitting in the case of vacuum spacetimes. Indeed, the main field equations
can be written as
µ,rr
µ
+
µ,θθ
hµ
+
h,rµ,r
2hµ
=
16pi
h
pe2γ−2ψ , (68)
ψ,rr +
ψ,θθ
h
+
(
h,r
2h
+
µ,r
µ
)
ψ,r +
µ,θψ,θ
hµ
=
4pi
h
(3p+ρ)e2γ−2ψ . (69)
Moreover, the metric function γ is determined by two first order differential equations
γ,r =
1
hµ2,r +µ
2
,θ
{
µ
[
µ,r
(
hψ2,r−ψ2,θ
)
+2µ,θψ,θψ,r +8piµ,r p¯
]
+µ,θµ,rθ−µ,rµ,θθ
}
, (70)
γ,θ=
1
hµ2,r +µ
2
,θ
{
µ
[
µ,θ
(
ψ2,θ−hψ2,r
)
+2hµ,rψ,θψ,r−8piµ,θ p¯
]
+hµ,rµrθ+µ,θµ,θθ
}
,(71)
where
p¯ = pe2γ−2ψ . (72)
The equations for γ can be integrated by quadratures once the main field equations (68) and
(69) are solved, and the pressure p¯ is given a priori as an independent function. Notice that
if we introduce the differential equations (68)-(71) into the original Einstein equations, a
second order differential equation for γ is obtained
γ,rr +
γ,θθ
h
+ψ2,r +
ψ2,θ
h
+
h,rγ,r
2h
=
8pi
h
p¯ , (73)
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which must also be satisfied. However, a straightforward computation shows that this equa-
tion is identically satisfied if the two first-order differential equations (70) and (71) for γ
and the conservation equation for the parameters of the perfect fluid
p,r =−(ρ+ p)ψ,r , p,θ =−(ρ+ p)ψ,θ , (74)
are satisfied. The conservation equations resemble the Tolman-Oppenheimer-Volkov rela-
tion for the spherically symmetric case.
We see that the particular choice of the above line element leads to a splitting of the field
field equations into two separated sets of equations, and to a generalization of the Tolman-
Oppenheimer-Volkov equation for the case of two spatial coordinates. This is an important
advantage when trying to perform the integration of the main field equations. Indeed, in
this manner we found a series of relatively simple approximate solutions with non-trivial
quadrupole moment. The presentation and physical investigation of those solutions requires
several detailed analysis which are beyond the scope of this work, and will be presented
elsewhere. A byproduct of such analysis was the discovery of certain symmetries of the
field equations for a perfect fluid which can be used to generate new solutions from known
ones by using the procedure described below.
Suppose that an exact interior solution of Einstein’s equations (68)-(71) for the static
axisymmetric line element (67) is given explicitly by means of the functions
h0 = h0(r), µ0 = µ0(r,θ), ψ0 = ψ0(r,θ), γ0 = γ0(r,θ), (75)
p¯0 = p¯0(r,θ), ρ¯0 = ρ¯0(r,θ) , (76)
where we have introduced the notation
p¯0 = p0e2γ0−2ψ0 , ρ¯0 = ρ0e2γ0−2ψ0 , (77)
and p0 and ρ0 are also known functions. Then, for any arbitrary real values of the con-
stant parameter δ, a class of new solutions of the field equations (68)-(71) can be obtained
explicitly from the functions
h = h0(r), µ = µ0(r, θ˜), ψ= δψ0(r, θ˜), (78)
p¯ = δp¯0(r, θ˜), ρ¯= δρ¯0(r, θ˜), θ˜=
θ√
δ
, (79)
γ(r, θ˜) = δ2γ0(r, θ˜)+(δ2−1)
∫ νθ˜
h0+ν2
dr+8piδ(1−δ)
∫ µ0
µ0,r
p¯0
h0+ν2
dr+κ , (80)
where κ is an arbitrary real constant and
ν=
µ0,θ˜
µ0,r
. (81)
To illustrate the application of this solution generating method, let us consider the spher-
ically symmetric Schwarzschild solution which describes the interior field of a perfect-fluid
sphere of radius R and total mass m. The corresponding line element can be written as
ds2 =
[
3
2
f (R)− 1
2
f (r)
]2
dt2− dr
2
f 2(r)
− r2(dθ2+ sin2 θdϕ2) , (82)
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with
f (r) =
√
1− 2mr
2
R3
. (83)
The physical parameters of the perfect fluid are the constant density ρ0 and the pressure p0,
which is a function of the radial coordinate r only
p0 = ρ0
f (r)− f (R)
3 f (R)− f (r) . (84)
We now consider the interior Schwarzschild metric as the seed solution (75) for the
general transformation (78). A straightforward comparison with the general line element
(67) yields
eψ0 =
3
2
f (R)− 1
2
f (r) , h0 = r2 f 2(r) , µ0 = r sinθeψ0 , eγ0 = reψ0 . (85)
According to the procedure described above, the new solution can be obtained from Eq.(85)
by multiplying the corresponding metric functions with the new parameter δ. Then, the new
line element can be represented as
ds2 = e2δψ0dt2− e−2δψ0
[
e2γ
(
dr2
r2 f 2(r)
+dθ˜2
)
+ r2e2ψ0 sin2 θ˜dϕ2
]
, (86)
where the new function γ is given by
γ= δ2γ0+
∫
(1−δ2)+8piδ(1−δ)sin2 θ˜r2 p0
r f 2(r)(1+ rψ0r)sin2 θ˜+ r1+rψ0r cos
2 θ˜
dr+κ , (87)
with
ψ0r =
2mr
R3 f (r)[3 f (R)− f (r)] . (88)
Moreover, the physical parameters of the perfect-fluid source are
ρ= δρ0e2γ0−2γ+2(δ−1)ψ0 , p = δp0e2γ0−2γ+2(δ−1)ψ0 , (89)
from which the equation of state
p =
p0
ρ0
ρ (90)
can be obtained. This is clearly not a barotropic equation of state since the seed pressure
p0 depends explicitly on the radial coordinate r. Nevertheless, it can be interpreted as a
generalized barotropic equation of state p = w(r)ρ. Interestingly, the physical parameters
of the perfect fluid are axisymmetric, but the equation of state preserves spherical symmetry
in the sense that the generalized barotropic factor depends on the radial coordinate only.
Notice that the new function γ depends explicitly on the new coordinate θ˜, in contrast
to the seed metric function γ0 which depends on the radial coordinate r only. This proves
that the new solution is not spherically symmetric, but axisymmetric. Notice also that the
density and pressure of the new solution are functions of the angular coordinate too, as
expected for an axisymmetric mass distribution. It is expected that the obtained deviations
from spherical symmetry are related to the quadrupole moment of the perfect fluid; however,
a more detailed investigation is necessary to define an interior quadrupole which should be
related to the exterior quadrupole. This is a task for future works.
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6. Conclusions
In this work, we presented a review of the problem of describing the interior and exterior
gravitational field of compact objects in general relativity, which include black holes and
compact stars (white dwarfs and neutron stars). To take into account rotation and defor-
mation of the mass distribution, we consider stationary and axisymmetric solutions of Ein-
stein’s equations with quadrupole moment. We formulate the physical conditions which, in
our opinion, should be satisfied by a Riemannian manifold in order to represent the interior
and exterior gravitational field of compact objects.
We review the main static solutions in which the quadrupole is represented by a free
parameter. We argue that the q−metric represents the simplest generalization of the
Schwarzschild solution with a quadrupole parameter. We then present a particular gen-
eralization of the Erez-Rosen metric which includes a rotational parameter, and reduces to
the Kerr metric in absence of the quadrupole parameter. In addition, we present the Ernst
potential of a stationary q−metric which turns out to be represented by a quite simple ex-
pression.
We notice that in this review, we limited ourselves to the study of the mass quadrupole
as additional parameter only. In general and in more realistic situations, it is necessary to
consider also the electromagnetic field. Fortunately, the solution generating techniques have
been developed also for Einstein-Maxwell equations as well and, therefore, the generaliza-
tion of the vacuum solutions presented in this review to include electromagnetic multipoles
is straightforward.
We argue that the interior counterpart of the exterior Kerr metric cannot be found in
general relativity because it is directly related to a curvature singularity at which the clas-
sical theory breaks down. Probably, a quantum description of gravity is necessary in order
to understand the interior field of a black hole. In the case of compact stars, however, we
argue that general relativity should allow the existence of spacetimes which describe both
the interior and exterior gravitational field. In view of the precarious situation regarding
physically meaningful interior solutions, we propose to study the symmetries of the field
equations in order to develop solution generating techniques. We present a particularly sim-
ple method which allows us to generate new static and axisymmetric perfect-fluid solutions
from known solutions.
Summarizing, we propose to apply a different strategy to search for interior physically
meaningful solutions of Einstein’s equations. Firstly, we propose to include the quadrupole
as an additional degree of freedom and, secondly, we propose to investigate the symmetry
properties of the field equations in the presence of matter. We intend to follow this strategy
in forthcoming works.
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